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Amalgamation in the pentagon variety 


PETER BRUYNS, COLIN NATURMAN AND HENRY ROSE* 


Abstract. The amalgamation class Amal (.) of a lattice variety generated by a pentagon is considered. 
It is shown that Amal (4) is closed under reduced products and therefore is an elementary class 
determined by Horn sentences. The above result is based on a new characterization of Amal (4^). The 
lattice varieties whose amalgamation classes contain Amal (M) as a subclass are considered. 


Introduction 


We consider the amalgamation class Amal (M) of a lattice variety generated by 
the pentagon. The central result of the paper is Theorem 3.1, that Amal (/’) is an 
elementary class. It is closed under reduced products and therefore is determined by 
Horn sentences. Furthermore, if B is a subdirect power of the pentagon and also an 
image of A e Amal (v), then B e Amal (v). 

This result contrasts with the following of Bergman (see [2] Theorem 2): If ” 
is a variety generated by a finite modular lattice then Amal(¥) is not an 
elementary class. 

The proof of Theorem 3.1 is based on Theorem 2.2 which gives a new 
characterization of membership of Amal (4°). The first characterization was given 
by Bergman (see [9] Theorem 6.2). 

The examples of lattice varieties whose amalgamation class contains Amal (^) 
as a subclass are considered in Proposition 4.1. 
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0. Preliminaries 
0.1. Notation, terminology and some required results 


0.1.1. Let u/v be a quotient of a lattice L. We shall say that u/v is an N-quotient 
of L, if for some z € L the set {u, v, z} generates a sublattice of L isomorphic to a 
pentagon N (see Figure 1) with u/v as a critical quotient of this pentagon. In this 
case we write N(u/v, z). (Note that c/a is a critical quotient of N in Figure 1.) 


0.1.2. We shall use 1, 2, and 3 to denote one-, two- and three-element chains 
respectively. If X = 2 (X = 3) and X is a sublattice of a lattice L we say that X is 
a 2- (3-) sublattice of L if there is a retraction of L onto X. 


COROLLARY. Let {p >q} < N and assume that {p,q} #4 {c, a}. If K is any 
sublattice of N which contains {p,q}, then {p,q} is a 2-sublattice of K. 


0.1.3. Con (A) denotes the congruence lattice of an algebra A. The smallest 
congruence on A which identifies a, b e A is denoted by Con (a, b). 


0.1.4. Let f: A+B be an epimorphism. The kernel of f, kerf, is called a 
B-congruence on A. 


0.1.5. Let A =]],., 4; be a product of algebras. The congruence ¢ on A is said 
to be filtral if it is induced by an ultrafilter on J. It is well-known that if {4;: i e I} 
is a finite set of finite algebras then every filtral congruence is an A;-congruence for 
some iel. 


N 


Figure | 
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Let A be as in the paragraph above and assume that A is congruence distribu- 
tive. We shall frequently use the following fundamental result: 


JONSSON’S LEMMA. If B is a subalgebra of A and 8 € Con (B) is completely 
meet irreducible then there is a filtral congruence o on A such that o|; € 0. 


0.1.6. Let A be as in 0.1.5. A subalgebra B of A is regular if for any two kernels 
6;, 0; of distinct projections on A we have 9;|s 4 8;|x. 


0.1.7. The variety generated by N is denoted M. The last two statements of this 
subsection are concerned with members of M. 


0.1.8. Let y be a congruence on a lattice Z. Call y distributive if L/w is a 
distributive lattice. 


COROLLARY. Let Le NW. Then y e Con (L) is the smallest distributive con- 
gruence on L if and only if 


ý = N 0, =}, Con (u,, Vs) 


where {0;:i e I} is the set of all 2-congruences on L and {u,/v,:s € S} is the set of 
all N-quotients of L (certainly if L is distributive S is empty). 


Proof. The equality y =) 0; holds trivially since every distributive lattice is a 
subdirect product of two-element chains. To prove the equality y =) Con (u,, v,), 
we first observe that the inclusion È, Con (u,,v,) =y holds in Con (L) for any 


lattice L. Furthermore this inclusion must be an equality if L e€ ./ since in that case 
£ does not have a diamond as its sublattice. 


0.1.9. Let A be a subdirect power of N and let p/q be a non-trivial quotient of 
A, Then for some N-congruence o on A we have (p, q) ¢ ọ so that (p/¢)/(q/@) is 
a non-trivial quotient of a pentagon A/ọ. Since the pentagon is a projective lattice, 
there is an N-quotient u/v of A such that (u/@)/(v/@) is a critical quotient of the 
pentagon A/g. Since (u/@)/(v/@) projects weakly onto (p/@)/(v/@) in A/o it follows 
that there is a quotient u’/v’ of A which projects weakly onto both u/v and p/q in 
at most five steps (see [11]). Since A e WY we have that u’/v’ is an N-quotient (see 
{10]). Thus A is a subdirect power of N if and only if for any non-trivial quotient 
piq of A there is an N-quotient u/v of A which projects weakly onto p/q in at most 
five steps. 

Although the following result is known we shall prove it to make the paper 
self-contained. 
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LEMMA. Let B be a reduced product of the family {A;:i e I} and assume that 
each A, is a subdirect power of N. Then B is a subdirect power of N. 


Proof. Let A =|] A; and Ņ e Con (A) such that A/y = B. Let 2 be a filter on 
I which induces w. Let (p/W)/(q/) be a non-trivial quotient of B(p, q e A). Then 


X={iel:p,>q }e@. 


Since each A, is a subdirect power of N for any i e X there is an N-quoiient u,v, of 
A, such that u;/v; projects weakly onto p;/q; in at most five steps. Consider a 
quotient u/v of A which is described as follows: 


If ¿e X then u;/v; is an N-quotient which projects onto p;/q;. 


If i¢ X then u; =v. 


Then u/v is an N-quotient which projects weakly on p/q in A so that (u/W)/(v/W) 
is an N-quotient in B which projects weakly onto (p/w)/(q/W). 


0.2. Absolute retracts and amalgamation in some congruence distributive varieties 


By a diagram in a variety ¥ we mean a quintuple (A, f, B,g,C) with 
A, B,C eW and embeddings f: A > 8B, g:A—>C. By an amalgam in ¥ of this 
diagram we mean a triple (D,f,, gı) with De Y and f : B >D, g, : C > D embed- 
dings such that ff, = gg,. If such an amalgam exists we say that the diagram can be 
amalgamated in ¥. An algebra A € V is called an amalgamation base for ¥ if 
every diagram (A, f, B, g, C) can be amalgamated in ¥. The class of all amalgama- 
tion bases for W is called the amalgamation class and is denoted Amal (”). 

It is known that Amal (7^) is a proper class ({12]). 

An algebra A e f is said to be an absolute retract in V if for any embedding 
f:A—7>BeY there is an epimorphism g:B-— A such that gf is an identity map 
on A. Absolute retracts of a variety ⁄ belong to Amal (v^) (see [1] Proposition 
3.2). 


EXAMPLE 0.2.1. Let Y be a residually small, congruence distributive vari- 
ety. Then the collection of subdirectly irreducible members of ¥ forms a set (up 
to equivalence). The subdirectly irreducible members which have no essential 
extensions are absolute retracts in ¥ (see [1]). We call them maximal subdirectly 
irreducible members of ¥. The set of maximal subdirectly irreducible members of 
V is denoted by Y wr- 
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For instance if M is the variety generated by a pentagon then N m= {N}. 
Similarly if L is any lattice on Figures 2 and 3 and Ẹ is the variety generated by 
L then Zm = {L}. 

The proof of the following result may be found in [3] and [7]. 
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Figure 2 
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Figure 3 


THEOREM 0.2.2. Let ¥ be a residually small, congruence distributive variety 
and assume that every member of © has a one-element subalgebra, Then 
(1) Amal (”) is closed under finite products. 
(2) A e Amal (7°) iff for any embedding f: A> BeEW and any homomorphism 
g:A>M EV yy, there is a homomorphism h:B— M such thai g = hf. 
(3) A product of absolute retracts of V is an absolute retract and therefore 
belongs to Amal (V7). 
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EXAMPLE 0.2.3. (1) Let L be one of the lattices of Figures 1, 2 or 3 and let 
V be the variety generated by L. Then for the arbitrary index set 7 the direct power 
L’ is an absolute retract in Y and therefore belongs to Amal (7). 

(2) We show later (Proposition 4.1) that if L = L,, L, or L = L{, for some n € œ 
then Amal (¥) c Amal (7°). On the other hand, if L e {Z3,..., Z,4}, then Amal (v) 
is not contained in Amal (7°). This can easily be seen from Theorem 0.2.2(2): consider 
the embeddings f and g of N into L such that f(b) = b, and g(6) = b,. Then there 
is no Å: L—L such that g = hf. 


The proof of the following lemma can be found in [6]. 


LEMMA 0.2.4. Let W be an arbitrary variety. A diagram (A, fo, By, fi, By) can 
be amalgamated in V iff for $i, j} = {0,1} and a #b € B, there is an algebra D €E V 
and homomorphisms g : B; > D and h : B,D such that gf, = hf, and g(a) # g(b). 


1. Congruences and homomorphisms 


The results of this section are mainly technical. They are needed to prove Theorems 
2.2 and 3.1. 


1.1. Finitely generated congruence distributive varieties 


LEMMA 1.1.1. Let VW be a congruence distributive variety generated by a finite 
set{M,,..., M, } ofits finite maximal subdirectly irreducible members. Suppose further 
that, for distinct i,j e {1,...,n}, M; is not an image of a subalgebra of M,. Then if 
AsBeyY, every M;-congruence on A can be extended to an M;-congruence on B. 


Proof. Since we have B < Mo x---x M& where s,,...,5,€{1,...,n}, it 
suffices to prove the lemma under the assumption that B = M3 x--- x Mi. Let 8 
be an M,-congruence on A. By Jonsson’s Lemma there is a filtral congruence 
y e Con (B) such that y|, <6. Since the set {s,,...,5,} is finite and each 
M,,,.-.,M,, is also finite, we have B/ = M, for some te {1,...,k}. It follows 


from the second assumption of the lemma that y| 4a =9 so that M, = M;. 


COROLLARY 1.1.2. Let Y be as in Lemma 1.1.1 and let B and C be products 
of members of {M,,...,M,}.Iff: A > B and g : A >C are subdirect representations 
then the diagram (A, f, B, g, C) can be amalgamated in v. 


Proof. We use Lemma 0.2.4. Let u # v e B so that x(u) # n(v) for some projection 
z on B. Since f is a subdirect representation the map zf is an epimorphism of 
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A onto some member of {M,,..., M,,}. It follows from Lemma 1.1.1 that there is 
a map h on C such that hg = af. 


COROLLARY 1.1.3. Let ¥ be as in Lemma 1.1.1 and assume that A is a 
subdirect product of members of Y y,;. Then A e Amal(%) iff for any regular 
subdirect representation f : A +B and any homomorphism k : A> M € V yj, there is 
a homomorphism h : B — M such that k = hf. 


Proof. The necessity follows from Theorem 0.2.2(2). To prove that the condi- 
tions are sufficient we have to show that if B, C are products of members of Y m; 
and f: A >B, g : A >C are embeddings, then the diagram (A, f, B, g, C) can be 
amalgamated in ¥. (This is because every member of ¥ is embeddable into a 
product of members of %y,;.) 

Now since A is a subdirect product of members of %4,,, the embeddings f and 
g induce regular subdirect representations f”: A > B’ < B and g’: A —> C’ < B (see 
Figure 4). By Corollary 1.1.2 the diagram (A, f’, B’, g’, C^) has an amalgam H. We 
may assume H e Amal (¥). To complete the proof it is sufficient to show that the 
diagrams (A,f, B,f’, B) and (A4,g,C,g’,C’) have amalgams (D, s, £) and 
(E, l, m). Indeed, if such amalgams exist then, since B’, C'e Amal (¥) by Theo- 
rem 0.2.2(3)), the diagrams (B’, q, H, t, D) and (C, m, E, p, H) will have amalgams 
(F, v, $2) and (G, u, l). 

Further, since H e Amal (7%), the diagram (H, v, F, u, G) will have an amalgam 
(X, 83, t3) so that (X, 535,5,, hhl) is an amalgam of (A, f, B, g, C). 

So by symmetry we have to show that the diagram (A, f, B, f’, B’) has an 
amalgam (D, sı, 7). We use Lemma 0.2.4. We have B=M{x':-x Mir and 
B'= M7 xx Mzzy where y <nand J, ELp. Ja cL, Now letz#weB 
so that n(z) # n(w) for some projection z on B. Then zf is a homomorphism of A 
into some member of Y m; so that by the assumption of the corollary there is a 
homomorphism h4 on B’ into the same member of Y m; such that Af’ = nf. 

Finally let z #w e B’ and let z be a projection on B’ such that a(z) Æ n(w). 
Since f’ is a subdirect representation, af’ is an epimorphism of A onto some 
member of V mr. It follows from Lemma 1.1.1 that there is an epimorphism h on 
B onto the same member of %,,, such that hf = nf’. This completes the proof. 


1.2. On extension of 2-congruences of members of N 


We begin with the following simple result: 


LEMMA 1.2.1. Let f:A>BeWN be an embedding and assume that every 
2-congruence on f(A) can be extended to a 2-congruence on B. Then if C is a finite 
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Figure 4 


Boolean algebra and g : A >C is an epimorphism, there is an epimorphism h : B > C 
such that g = hf. 


One of the main properties of members of Amal (^) is described in the 
following: 
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LEMMA 1.2.2. Let A e Amal (~) and A SBEN. Then every 2-congruence 
on A can be extended to a 2-congruence on B. 


Proof. Let g : A —> N be a homomorphism with g(A) = 2 and g(A) # {a, c} (see 
Figure 1). By Theorem 0.2.2(2) there is h: B—WN such that h(A) = g(A). By 
Corollary 0.1.2 there is a retraction k from h(B) onto g(A) so that the kernel of kh 
is a 2-congruence on B which extends ker g. 


LEMMA 1.2.3. Let A < Be W. Then the following are equivalent: 

(1) Every 2-congruence on A can be extended to a 2-congruence on B. 

(2) If 0 is a distributive congruence on A, ujv is an N-quotient of B and 
Con (u, v) e Con (B) then Con (u, v)|4 < 8. 


Proof. Let Y4 and wW, be the smallest distributive congruences on A and B 
respectively. Consider the following sets: 


Xp = the set of all 2-congruences on B 
X,={9 € Xg: g|, is a 2-congruence on 4} 


Tp = the set of all N-quotients of B. 


(1) implies (2): Assume (1). Then () X, =, € Con (B) is an extension of y4. 
Since X; c Xp we have 


a =N X>) Xe = ve. 


On the other hand, since W,|, is a distributive congruence on B, we always have 
Wa = Ysgla. Thus it follows from (1) that 


Wa =Wala = Yela- 


Since wz > Con (u, v) for any u/v € Tg (see Corollary 0.1.8), (1) implies (2). (2) 
implies (1): Let 9 be a 2-congruence on A. Since every member of WV is embeddable 
into a direct power of N, without loss of generality we may assume that B = N’. By 
Jénsson’s Lemma there is a filtral congruence » on B such that o| ac. Let 
ujv € Tp such that u/@/,)/, is a critical quotient of a pentagon B/g and let {x, y} be 
a 2-sublattice of A such that 4/0 ={x/6@,y/@}. Since (2) holds we have 
Con (u, v)|,< @ and therefore {x/p, y/p} cannot be a critical quotient of the 
pentagon B/g. It follows from Corollary 0.1.2 that there is a retraction 4 of B/ọ 
onto {x/, y/o}. Furthermore A can be chosen so that, for p e A and q € {x, y}, 
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h( p/o) = h(q/o) iff pôq. Let k : B-> B/@ be a canonical epimorphism. Then ker (Ak) 
is a 2-congruence on B which extends 9. 


COROLLARY 1.2.4. Let N’ be a direct power of the pentagon and let f : A > N' 
be an embedding. Assume that every 2-congruence on f(A) can be extended to a 
2-congruence on N’. If g: AN is a homomorphism such that g(A) = 3 and the 
critical quotient of N is a sublattice of g(A) then there is no h : N! >N such that g = hf. 


Proof. It follows from Lemma 1.2.3 that if such A existed, then h(N’) would be 
a distributive sublattice of N. However, since the critical quotient of N is a sublattice 
of g(A), the lattice A(N’) must be a chain having at least three elements. This is 
impossible since every distributive image of N’ is a Boolean algebra (see also [2] 
Theorem 7). 


Our next result is concerned with restrictions of 2-congruences of a product of 
members of M into its factors. 


LEMMA 1.2.5. Let A=[],<.4, be a product of members of N. If O is a 
2-congruence on A then for some y €a there is an embedding A, < A such that 0| 4, 
is a 2-congruence on A,. 


Proof. Let {u >v} c A such that 4/0 = {u/6, v/0} and let 
Q ={B Ea: ug > vz}. 


(Here ug and vg are the fth coordinates of u and v respectively.) Consider two 
possible cases: 


Case 1. For some y eQ the set {u, >v,} c A, is a 2-sublattice of A,. Let 
f:A,,+2 = {0,1} be an epimorphism with f(u,) =1 and f(v,) =0. Consider an 
embedding A, < A given by 


xX (x € A,, X € A) 


which can be described as follows: 
(1) x, =x 
If Be 
Xg=ug if f(x) =1 and 
Xp =v; if f(x) =0. 
(3) If B e (a — 9) then x, = ug = vg. 


Q and $ ¥y then 
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It follows from (1), (2) and (3) that {u >v} c A, < A so that 9] 4, İS a 2-congruence 
on A,. 


Case 2. Not Case 1, i.e. for any f € Q the set {ug > vg} € Ap is not a 2-sublat- 
tice of Ag. 


Since 6 is completely meet irreducible in Con (A), by Jonsson’s Lemma there is 
a filtral congruence y on A such that y c0. Let 2 be an ultrafilter on « which 
induces w. We have 2 e 2. Furthermore it follows from the assumption which is 
made in Case 2 that, for any f eQ, the set {f} does not belong to 2. Thus 
(Q — {B}) € 2 for P eQ. Choose any y € Q. Since {u, >v,} € A,, the lattice A, is 
non-trivial and, since A, € M, there is at least one epimorphism f : A, >2 = {0, 1}, 
Consider an embedding A, < A associated with f which is similar to that of Case 1. 
Let {x >y} c 4, be such that f(x) = 1 and f(y) =0. It follows that u/9 = x/0 and 
v/@ = 7/0 so that 6|, is a 2-congruence on A,. 


For our next result we assume that B is a subdirect power of N and B is an 
image of A e Amal (M). Let Q e Con (A) be such that A/Q = B. for a e A we let 
a¢€B be the image of a/Q under the isomorphism between 4/Q and B. Also if 
6 e Con (A) with Q <6 we let 8 e Con (B) be the image of @ under the isomor- 
phism between the principal filter in Con(A) generated by Q and the lattice 
Con (B). 


PROPOSITION 1.2.6. Let B < N’ be a regular subdirect representation. If 0 is 
a 2-congruence on B then 6 can be extended to a 2-congruence on N te 


Proof. See below. 


Let {g,: s € S} be a set of all N-congruences on 4, so that each p, is a kernel 
of an epimorphism of A onto N. Since the subdirect representation B < N” in 
Proposition 1.2.6 is regular we may assume that Jc S. Let J=S—/Z so that 
NS=N' x N”. 

By Theorem 2.1(1) below A is a subdirect power of N so we may consider a 
subdirect representation 4 < N* such that for a € A: 

a,=4, ifiel 


i i 


a,=(a/eeN ifje. 


Let J e Con (B) as in Proposition 1.2.6 and consider {ū >ö} c B such that 
B/@ = {u/0, 0/0}. Then for {u>v}cA we have A/@ = {u/0,v/0}. Since 
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A e Amal (/), by Lemma 1.2.2 6 can be extended to a 2-congruence Y on N5. By 
Jénsson’s Lemma there is a filtral congruence y on N5 such that y c Z. Let 2 be 
an ultrafilter on S which induces y. Since NS/y = N and NS/X = {u/2,v/Z} we 
have that for some {p,q}# {a,c} (see Figure 1) the set 
X={seS:u,=p>q=v,} belongs to 2. Now if (X ^I) €Q then Proposition 
1.2.6 holds at once since, for i e J, u and v have the same ith coordinates as # and 
v. So assume that (X aJ) = Y e 2. In order to prove Proposition 1.2.6 under this 
assumption we need a lemma. 


LEMMA 1.2.7. (1) There is an embedding f : B —> N5 such that X\ np = 6. 
(2) There is an embedding g : N!—> N° such that |W = A is a 2-congruence on 
N’. 
(3) Let h: N'—>NS be an embedding such that for y,z e N! 


A= y: foriel 


POLSO, forje. 


Then there is a 2-congruence X’ on N5 such that £ ‘lany = Á where A is as in (2). 


Proof. (1) Let 1: B —>2 = {0, 1} be an epimorphism with ker t = 8. Then f can 
be described as follows: 


[f(@], = ã = a; for de Bandiel. 
For ye Y, 
[f@,=p=u, if (a@=1 
and 
[f@], =49 =, if t(a) = 0. 
For s e S — (IU Y) and a,b € B [ fA]; = [f(5)],. 
(2) The idea here is similar to the one in proof of (1). Consider any epimor- 
phism ż : N’>2 = {0, 1}. Then g is described as follows: 
[e(k)]; = k; for keN’'andiel. 


For ye Y, 


[e(K)],=p=u,  ift(k)=!1 
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and 
[ek], =q =v, if t(k) =0. 


For se S— (Io Y) and k, ie N’, [g(k)], = [eD]. 

(3) Let h: N!>NS be as in (3) and g:N'>NS be as in (2). Since 
N'e Amal(^) (see Theorem 0.2.2(3) and Example 0.2.1), the diagram 
(N! g, h, N°) has an amalgam (Q, go, ho) with Qes (see Figure 5). Since 
NS e Amal (4), by Lemma 1.2.2, X can be extended to a 2-congruence Hf on Q. 
Letting 2’ = I, «ws, we have 2’|, nw = 4. 


Proof of Proposition 1.2.6. As we noticed before we only need to consider the 
case (YOJ) =Y e 2. Let f and h be as in Lemma 1.2.7(1) and (3). Since B < N! 
and h: N’- N*% we can consider a diagram (B, f, h, NS). Since the variety of all 
lattices satisfies the amalgamation property (see [8]), the above diagram has an 
amalgam of (R, fo, 49) where R is a lattice not necessarily in M (see Figure 6). The 
proposition follows now from Lemma 1.2.7 since 8 = Z|), p42) = Zla = Alro 


2. Members of Amal (4) 


In this section we consider the non-trivial members of Amal (./). The following 
characterization theorem can be found in [9]. 


hoh N5 = gog(N’) 


Figure 5 
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Sof(B) = hoh(B) 


Figure 6 


THEOREM 2.1. (1) (Bergman). A lattice A e€ W belongs to Amal (/) iff A is 
a congruence extensile, subdirect power of N and for any subdirect representation 
ff: AN! and any homomorphism g : A >N there is a homomorphism h : N! —>N 
such that g = hf. 

(2) A finite lattice Ae N belongs to Amal (W) iff A is a subdirect power of N 
and does not have 3 as a homomorphic image. l 


Our next theorem gives a characterization of membership of Amal (4°) which is 
different from that in Theorem 2.1(1). This characterization is crucial for the proof 
of Theorem 3.1. 


THEOREM 2.2. For Ae SN, the following are equivalent: 

() A e Amal (v). 

(2) F A < Be AN, then every 2-congruence on A can be extended to a 2-congru- 
ence on B and 3 is not an image of A. 

(3) A is a subdirect power of N and for any regular subdirect representation 
f{:A->N’ and any homomorphism g : A >N there is homomorphism h : N? > N such 
that g = hf. 

(4) A is a subdirect power of N, 3 is not an image of A and if f: A>N' is a 
regular subdirect representation then any 2-congruence on A can be extended to a 
2-congruence on N’. 
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Proof. (1) = (2). Tf Ae Amal(V) and ASBeEWNW then by Lemma 
1.2.2 every 2-congruence on A can be extended to a 2-congruence on B. 
Further, Theorem 0.2.2(2) and Corollary 1.2.4 jointly imply that 3 is not an image 
of A. 

(2) = (1). If (2) holds then to show that (1) holds we again use Theorem 
0.2.2(2). Let g : A >N be a homomorphism and f: A> Be be an embedding. 
Since 3 is not an image of A we have that g(A) must be isomorphic to one of the 
following lattices: 1, N,2 or 2 x2. For non-trivial cases: If g(A) = N then the 
existence of A follows from Lemma 1.1.1. If g(A) = 2 of g(A) =2 x 2 the existence 
of h follows from Lemma 1.2.1. 

(1) = (3) follows from Theorem 2.1(1). 

Now by Corollary 1.2.4, (3) = (4). 

(4) = (1). By Corollary 1.1.3 we have to show that if g: 4—>N is a homo- 
morphism then there is A : N’N such that Af = g. By assumption the non-trivial 
images of A under g are N,2 or 2 x 2, so that one can use arguments similar to 
those in the proof (2) = (1). 


COROLLARY 2.3. Jf A e Amal (^) then every finite distributive image of A 
is a Boolean algebra. 


Proof. The corollary follows from Theorem 2.2 since 3 is not an image of A. 


We are now going to consider certain extensions of members of “~ which 
belong to Amal (M) (see Proposition 2.5). 
We first need the following: 


LEMMA 2.4. Let 65, 0; be 2-congruences on Be N with 2-sublattices {u >v} 
and {w >z} of B such that B/0, = {u/0o, v/8y} and B/O, = {w/6,, 20,}. Assume the 
following: For some A e Amal (N) and embeddings fy, fı: A >B, the restrictions 
Polaco and Oilean are distinct 2-congruences on A. Then p =8)O0, is not a 
3-congruence on B. 


Proof. Suppose that B/ọ =3. Since 3 is a projective lattice we may assume 
that v =w so that B/ọ = {u/o,v/e,z/o}. Then for k eB there is że {u, v, z} 
such that (k, z) €(0908,). Since Bol foc a and Bilaa are distinct 2-congruences 
on A without loss of generality we may assume that {u,v} cf,(A) and 
fv, z} <f,(A). Let De W be an amalgam of the diagram (A, fo, B, fi, B). By 
Theorem 2.2(2) 65,6, can be extended to 2-congruences 6,4, on D. Let 
=n. Then @ restricted on fo(4) =f\(A) is a 3-congruence on A which 
contradicts Theorem 2.2. l 
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As a corollary we have the following: 


PROPOSITION 2.5. Let B € N, and assume that, for any distinct 2-congruences 
0, and 8, on B there is A € Amal (1) and embeddings fy, f, : A > B such that bolja 
and 0, ric ay are distinct 2-congruences on A. Then B e Amal (N). 


Proof. it follows from the given conditions that if B<CeW then every 
2-congruence on B can be extended to a 2-congruence on C. Further from Lemma 
2.4, B does not have 3-congruences. The proposition now follows from Theorem 2.2. 


3. The main theorem 
The principal result of this paper is the following: 


THEOREM 3.1. Amal (”) is an elementary class. It is closed under reduced 
products and therefore is determined by Horn sentences. Furthermore, if B is an image 
of A € Amal (4°) and B is a subdirect power of the pentagon then B e Amal (v). 


Proof. We first prove the last statement of the theorem. Let B be a subdirect 
power of N and assume that B is an image of A e Amal (4°). It follows from 
Proposition 1.2.6 that if B < N’ is any regular subdirect representation then any 
2-congruence on B can be extended to a 2-congruence on N”. Since A € Amal (v), 
the lattice 3 is not an image of A and therefore 3 cannot be an image of B. Thus 
Be Amal (°) by Theorem 2.2(2). 

Next we show that Amal (4°) is closed under direct products. Let A = [l,e a Á; 
be a direct product of members of Amal (4). Without loss of generality we may 
assume that each 4, is non-trivial. We use Proposition 2.5, that is we prove that 
A e Amal (M) by showing that for any distinct 2-congruences 0o, 6, on A there is 
yea and embeddings fy, fı: 4, >A such that Bolso) and Oily, are distinct 
2-congruences on A,. Now if 4 and @, are distinct 2-congruences on A then 
A|(8y8,) is isomorphic either to 3 or 2 x 2. In either case we have u, v, z € A with 
u >v >z such that 


(u,v) €0,,(v,2) € 6, and (v, z) € 4%, (u,v) € O%. 


By Jonsson’s Lemma there are filtral congruences o, @, on A such that po = Oo and 
pı € 0,. Let 2, and 2, be ultrafilters which induce p and ~,. We have 


R= (BP €a:ug>vg} E 2o 
S={Pea:rvg>zphEQ,. 
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There are threee possible cases: 

(1) For some y € @ the set {y} belongs to both 2, and J. 

(2) For each y e a the set {y} belongs to neither 2o nor 2.. 

(3) There is y e « such that {y} belongs to one ultrafilter and not the other. 

If (1) holds then we can choose u, v, z so that R = S = {y} for some y e «. For 
p ea with $ #y let a, be an arbitrary but fixed element of Aș. In this case we can 
have fy =f, so that for i e {0, 1} the embedding f; : A, > A is defined as follows: 


For x € A, the yth coordinate of /;(x) e A is x and if $ e « with § #y then the 
pth coordinate of f;(x) is ag. 


Suppose now that (2) holds. Pick any yea. We have (R -— {y}) € 2, and 
(S — {y}) e 2,. First observe that since A, is non-trivial it is a subdirect power of 
N (Theorem 2.2). Thus there are at least two distinct epimorphisms 
k, t : A, >2 = {0, 1}. The embedding fo : A, > A is defined as follows: 


For x e A, the yth coordinate of f(x) € A is x. If $ ea with $ e R — {y} then 
the Bth coordinate of fo(x) is uy if k(x) = 1 and vg if k(x) =0. For £ ¢ Ru {y} 
the fth coordinates of f(x) is an arbitrary but fixed element of A,. 


The embedding f, : A, > A is defined as follows: 


For x e A, the yth coordinate of fi (x) € A is x. If B e a with $ e(S — {y}) then 
the th coordinate of f, is vg if t(x) = 1 and it is z, if t(x) = 0. For BESU{y} 
the fth coordinate of f,(x) is an arbitrary but fixed element of Aș. 


The case (3) is a combination of (1) and (2). For instance if {y} € Do and {y} ¢ D, 
then S — {y} e 2,. Thus f is as in case (1) and fı as in case (2). 

Thus we have shown that every direct product of members of Amal (M) belongs 
to Amal (4). Now if B is a reduced product of members of Amal (4°) then B must 
be a subdirect power of N (see Lemma 0.1.9). On the other hand B is an image of 
a product A of members of Amal (^). Since A e Amal (^) it follows that 
B e Amal (~). In particular every ultraproduct of members of Amal (4) belongs 
to Amal (^) so that Amal (4^) is an elementary class (see [12]). It is determined by 
Horn sentences since it is closed under reduced products (see [4}]). 


4. Examples of varieties whose amalgamation class contains Amal (4) as a subclass 


The following result gives examples of varieties as indicated in the title above. 
The varieties considered here are by no means the only ones satisfying this property. 
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Let ¥ be a variety generated by two maximal subdirectly irreducible members 
M and K where M is a finite modular lattice and K is either N or a lattice from the 
set X = {L,, Lo {Lis ineo}. 


PROPOSITION 4.1. Amal (v~) c Amal (VY). In particular by taking M = 1 or 
M =2 then Amal (^N) is a subclass of the amalgamation class of the variety 
generated by a lattice from the set X. 


For Lemmas 4.2—4.4 we assume that Z e X. 


LEMMA 4.2. Let A e Amal (1) and let g : A >K be a homomorphism. 
(1) If K =L then g(A) = N or g(A) = 2” for some meo. 
(2) If K is a finite modular lattice then g(A) =2” for some m € œ. 


Proof. If g(A) is a non-distributive lattice of L,(i=1,2) then g(A) SN for 
otherwise f(A) = L,. If g(A) is a non-distributive sublattice of L7, then g(A) = N for 
otherwise g(A) will have 3 as its image which is impossible by Theorem 2.2. Now 
if g(A) is a distributive sublattice of L, so that g(A) 2” by Corollary 2.3. (2) 
follows from Corollary 2.3 since g(A) is a distributive sublattice of K. 


The proof of the next lemma is trivial and left for the reader. 


LEMMA 4.3. (1) Let P, and P, be distinct pentagons in L such that b, e P, and 
b, e P, (see Figures 2 and 3). Then the map b, >b, can be extended to an automor- 
phism a: L > L such that o(P,) = P}. 

(2) Let {u>v} be a 2-subset of L. Then {u,v} can be chosen so that it is a 
2-subset of some pentagon P in L. Furthermore there is a co-retraction B : L > {u, v} 
so that B(L) = B(P). 


LEMMA 4.4. Let K = N or K = L and let M be a finite modular lattice. Assume 
that A < B = K! x M” where A € Amal (/). 

(1) Jf 0 is an N-congruence on A then 8 can be extended to an L-congruence on 
B. 

(2) If y is a 2-congruence on A then y can be extended to a 2-congruence on B. 


Proof. (1) By Jonsson’s Lemma there is a filtral congruence g on B such that 
|, = 0. Furthermore if 2 is an ultrafilter on ZUJ which induces ọ then clearly 
Ie 2 so that ọ is a K-congruence on B. 

(2) It is sufficient to consider only K = L. Since A is a subdirect power of N 
there is an N-congruence 6 on A with 0 c y Let ọ be as in (1) so that g|, c0 cy. 
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Let h : B > L be a homomorphism such that ọ = ker A. Then ker (Bh) where $ is as 
in Lemma 4.3(2) is a 2-congruence which extends w. 


Proof of Proposition 4.1. By assumption W has at most two maximal sub- 
directly irreducible members M and K where M is a modular lattice and K is either 
N or K is a lattice from the set X. Let A e Amal (./). Since every member of ¥ is 
embeddable into B = K? x M” for some index sets J and J, it is sufficient to show, 
by Theorem 0.2.2(2), that if f:A— B is an embedding and g is a homomorphism 
from A into K or M then there is a homomorphism A from B into K or M such that 


g =hf. 

As before it is sufficient to consider only K = L. By Lemma 4.4 we have either 
g(A) ZN or g(A) =2” for some mew. Let g(A) =N and let p: B-L be an 
epimorphism such that ker p is an extension of ker g (see Lemma 4.4(1)). Then A is 
either p or ap where « : L > L is as in Lemma 4.3(1). Now assume that g(A) = 2”. 
The case m = 0 is trivial and Lemma 4.4(2) takes care of the case m = 1. If m>1 
then we apply the case m = 1 times. Finally if g : A > M then g(A) = 2” so that in 
this case the proof is the same as for g : A > K with g(A) = 2”. 
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